In this paper we develop center manifold and slow-roll expansions and approximants and elucidate their relationship with so-called attractor solutions in a global state space setting. We do so by considering an illustrative example: the minimally coupled scalar field with a quadratic potential in flat FLRW cosmology. We find that center manifold expansions and associated Padé approximants yield a larger range of convergence than slow-roll expansions and Canterbury approximants. This makes it possible to combine center manifold approximants with approximations for the evolution in the oscillatory regime at late times to obtain a global approximation for the attractor solutions, which, e.g., might be used to shed light on attractor solutions in the context of global measures.
INTRODUCTION

Introduction
In the present paper we consider a scalar field that is minimally coupled to the Einstein equations in flat Friedmann-Lemaître-Robertson-Walker (FLRW) cosmology with a quadratic potential as a pedagogical example that illustrates the methods and ideas we introduce, which yield results that in turn reflect some rather general features. In particular we consider the so-called attractor solution in a global dynamical setting, and show how center manifold theory can be combined with so-called Padé approximants to assess and analytically improve the range of the slow-roll approximation. In addition we give an analytical approximate expression describing the solutions in the oscillatory regime in a global dynamical context. This approximation for the behavior at late times is subsequently matched with a center manifold based Padé approximation, thereby leading to a global approximate description of the attractor solution.
Although the present methods can be modified so that it is possible to treat a wide range of potentials, the recent results of BICEP2 [1] (see e.g. [2, 3] as examples of recent reactions to BICEP2) also motivate taking a renewed look at the classic problem of a minimally coupled scalar field with a quadratic potential, which has a quite long history. For brevity we only give the key historical references that serve as the starting point for the present work, namely the papers by Belinskiǐ et al. [4, 5, 6, 7] , Rendall [8, 9] , and Liddle et al. [10] . (A few other examples of references that describe minimally coupled scalar field cosmology in dynamical systems settings are [11, 12, 13] , with additional references therein.) In the present context it is worthwhile recalling the following comment from Liddle et al. [10] : "Although this [the slow-roll] approximation works well in many cases, we know that it must eventually fail if inflation is to end. Moreover, even weak violations of it can result in significant deviations from the standard predictions for observables such as the spectrum of density perturbations or the density of gravitational waves in the universe."
The outline of the paper is as follows. In the next section we first present a regular unconstrained 2-dimensional dynamical system on a compact state space for a scalar field that is minimally coupled to the Einstein equations in flat FLRW cosmology with a quadratic potential. We then perform a global dynamical systems analysis identifying future and past attractors, and it is shown that the so-called attractor solution corresponds to a 1-dimensional unstable center submanifold of a de Sitter fixed point, which is subsequently analyzed. In particular we derive series expansions and improve their convergence properties and range by using Padé approximants. We also give approximations for the behavior at late times and use this together with the center manifold results to provide a global analytical approximate description of the attractor solution. In Section 3 we describe the slow-roll, slow-roll expansion, and Canterbury approximants, and show how they provide approximations for the attractor solution in the present global dynamical systems context. These results, in combination with numerics, are then compared with the results in the preceding section to assess the accuracy and range of the various types of approximations. In particular, it is shown that center manifold expansions and Padé approximants yield a larger range of convergence than slow-roll approximants. In Section 4 we further discuss our results and their implications for more general potentials and models. Finally there are two appendices. In Appendix A we present a dynamical system that is adapted to the properties at early times and perform a center manifold analysis of the attractor solution, which provides a succinct way of obtaining the Padé approximants for the center manifold in the global dynamical systems picture used in the main text. In Appendix B we extend the slow-roll approximant results of Liddle et al. [10] to higher orders as part of our study of the range and rate of convergence of various approximants.
Dynamical systems approach
The Einstein field equations for a minimally coupled scalar field φ(t) with potential V (φ) =
Dynamical systems formulation
To obtain a global dynamical system on a relatively compact state space, which can be regularly extended to include its boundary, we define
and a new independent variableτ ,
which leads to the dynamical system
The physical relatively compact state space S is defined by a finite cylinder with T = 0 and T = 1 as invariant boundary subsets, which can be included to yield the state spaceS. The interpretation in terms of a cylinder is perhaps most easily seen by introducing T and the two variables
Together with the time choiceτ , this leads to a 3-dimensional dynamical system for T, Σ † , X obeying the Gauss constraint (1a), which takes the form
and thus T, Σ † and X describe a cylinder with unit radius. Solving the constraint (8) globally by introducing θ via
yields the present dynamical systems formulation. Note that the system (6) admits a discrete symmetry since it is invariant under the transformation θ → θ + π.
1 The present variables are the same as those used by Rendall in [8] , where T was denoted by u andτ by τ , although the present state space was never used for global purposes in that paper. It should also be pointed out that T and θ are closely related to the variables ρ, θ, ψ used in e.g. [6] , where θ = π/4 in the flat FLRW case while ψ corresponds to the present θ. However, that work used different projections to describe the dynamics. In our opinion the presently used state space description has the advantage of clearly showing what is going on at late times, as well as giving a global description of the dynamics, including the dynamics at early times.
In terms of the new variables the Hubble variable H, the scalar field φ, andφ, are given by
and hence constant T surfaces in the state space S correspond to constant values of H. The deceleration parameter q and the effective equation of state parameter w φ are given by
As a consequence a solution is accelerating as long as sin 2 θ < (for future use in figures, note that arcsin ( 
).
Global dynamical systems analysis
It follows from (6) that
As seen from (6a) and (12) T is a monotonically increasing function on S (hence T can be viewed as a time variable if one is so inclined) and as a consequence all orbits (i.e. solution trajectories) originate from the invariant subset boundary T = 0, which is associated with the asymptotic (classical) initial state, and end at the invariant subset boundary T = 1, which corresponds to the asymptotic future. The equation on the invariant boundary subset T = 1 is given by dθ dτ T =1 = −1, and hence yields a periodic orbit in the negative θ direction; due to that T is monotonically increasing on S, it follows that this periodic orbit is a limit cycle that constitutes the global future attractor for orbits in the physical state space S. Note that in (φ,φ)-space this limit cycle corresponds to a non-hyperbolic fixed point at the origin which acts as an attracting focus; resolving the non-hyperbolicity leads to the present picture.
The fixed points of the system (6) on the cylinderS are all located on the subset T = 0, where
sin 2θ, and are determined by the following values for θ:
where n is an integer. However, note that on the cylinder identifications lead to two equivalent fixed points M ± , for which q = 2 and w φ = 1, i.e., they are associated with a massless scalar field state, and two equivalent fixed points dS ± , for which q = −1 and w φ = −1, which therefore correspond to a de Sitter state. The massless scalar field fixed points, M ± , are hyperbolic sources, while the de Sitter fixed points, dS ± , are sinks on T = 0 (they have one negative eigenvalue associated with the T = 0 subset given by −3), but they also have one zero eigenvalue that corresponds to a 1-dimensional unstable center submanifold, and thus one solution originates from each fixed point dS ± into S.
The solutions that originate from dS ± are often referred to as 'attractor solutions,' a nomenclature that for the present scalar field potential originates from the work by Belinskiǐ et al. [4, 5, 6] . The nomenclature has been motivated by heuristic linear analysis, which indicates that the attractor solutions are locally stable. As can be shown numerically, it is even true that solutions that correspond to initial data quite far from the attractor solution, where a linear analysis would not be valid, rapidly approach it in the present variables. Nevertheless, it is also clear that there exists an open set of non-inflating solutions that only come close to the attractor solution near the future global attractor at T = 1. The fact that there exists such an open set of solutions brings up the issue of imposing a measure on the state space, a problem already recognized by Belinskiǐ et al. [4, 5, 6, 7] . However, it should be pointed out that it is possible to make a non-linear variable change so that the attractor solutions are not locally stable everywhere and hence the nomenclature 'attractor solution' is of rather heuristic nature (for further discussions about the meaning of 'attractor solutions' and measures, see the recent papers by Remmen and Carroll [14] and by Corichi and Sloan [15] , and references therein).
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Another type of attempt than measures to make sense of the attracting properties of the attractor solution is to consider the evolution of physical measurable observables and study if they evolve toward the attractor solution. In Figure 1 we have plotted the attractor solution in H/m − q-space just before the oscillatory regime together with other solutions for various initial data, and, as can be seen, solutions are indeed 'attracted' toward the attractor solution. Nevertheless, it should be pointed out that the formal mathematical future global attractor is the periodic orbit on the invariant T = 1 boundary subset. (Loosely speaking, in dynamical systems theory attractor behavior describes situations where a collection of state space points evolve into a certain 'attractor' region from which they never leave. For a formal definition of a dynamical systems attractor, see e.g. [17] , and references therein.) (or (T, w φ ), w φ ∈ [−1, 1]) as a bounded state space, but q = −1 and q = 2 (w φ = ±1) are not invariant boundaries in such a formulation, which lead to analytic difficulties. As a consequence it is therefore preferable to use the state space S, since it is bounded by invariant boundaries in an analytic manner which makes it possible to extend the state space toS.
To summarize the global picture of the solution space on S: All orbits except for the two equivalent attractor solutions, which originate from dS + and dS − , originate from the two equivalent sources M + and M − , while all solutions asymptotically approach the periodic orbit on the T = 1 invariant boundary subset, which hence is the future global attractor. This situation is depicted in Figure 2 , which gives a global state space description of the solution space.
Center manifold analysis
Next we will extend the center manifold analysis of [8] (a paper that was inspired by [18] ), which describes the solutions that originate from dS ± , and combine center manifold expansions with Padé approximants (thus combining the center manifold expansion with the approximant idea in [10] ) in order to improve the range and rate of approximations for the inflationary scenario. Due to the discrete symmetry it suffices to investigate one of the fixed points, and without loss of generality it is convenient to choose the fixed point (T, θ) = (0, 0). A linear analysis of this fixed
Figure 2: Examples of solutions in the global state spaceS. All solutions originate from M ± , except for the two equivalent 'attractor solutions' that originate from the center saddles dS ± . All solutions end at the limit cycle at the T = 1 boundary at the top of the cylinder, which hence is the future global attractor. Note the strips of accelerating regions characterized by sin 2 θ < . point shows that
where we follow the nomenclature in [19] and use E s and E c to denote the tangential stable and center subspaces, respectively. The center manifold W c (with the tangent space E c ) has a graph representation T + 3θ = h(T ) near (T, θ) = (0, 0), where h(T ) obeys the first order ordinary differential equation (obtained from eq. (6))
Representing h(T ) by the formal power series
and inserting this into (15) , yields that θ = 1 3
(−T + h(T )) can be written as 
when h(T ) is expanded to 10:th order. Figure 3 depicts the numerical description of the attractor solution and plots of curves associated with expansions to various orders obtained from (17) (to avoid clutter we do not give all expansions up to 10:th order, but each order gives a more accurate approximation than the previous one).
As is seen from this figure, and Table 1 , higher order expansions yield increasingly better approximations for the attractor solution, even far from (T, θ) = (0, 0), indicating quite good convergence for rather large T , i.e., small H/m, even beyond the end of inflation, i.e., beyond q = 0 (although it is only at second order or higher that q = 0 is actually passed). Table 1 : Numerical values and relative errors for center manifold expansions at q = 0. The relative errors are given by |∆T |/T = |T CMexp −T num |/T num and |∆H|/H, where the latter is calculated from (10a) and T num , |∆T |/T .
Padé approximants
To obtain a better range and rate of convergence we will replace the center manifold expansions with so-called Padé approximants. For a power series in one variable of order N of some function f , the Padé approximants are quotients of two polynomials of order L (numerator) and M (denominator) with [20, 21, 22] (for recent use of Padé approximants in a cosmological context, see e.g. [23, 24] ).
In Appendix A we introduce a dynamical system that is adapted to the particular structures exhibited at early times, described by the dependent variables θ andT , whereT is defined byT
This formulation gives a center manifold expansion with smaller range of convergence than the present T based results (forT < 1, i.e., for T < ), but the Padé approximants for the center manifold expansion for this system coincide with the odd Padé approximants obtained from the T expansion (17), and yields them in a succinct form. Furthermore, the even Padé expressions, [2/2] θ , [4/4] θ , obtained from eq. (17), do not converge for large T (in contrast to the center manifold series expansions, which do converge for large T ), and we therefore refrain from giving them. The first odd Padé approximants are given by:
The numerical solution and the odd Padé approximants are plotted together with relative errors, |∆T |/T = |T Pad − T num |/T num , in Figure 4 . In addition we give the relative errors |∆T |/T and |∆H|/H of the odd center manifold Padé approximants at the end of the accelerating regime, i.e., at q = 0, in Table 2 . As can be seen, increasingly higher odd Padé approximants give better results, indicating desirable convergence and range properties. Finally, note that there exist dynamical systems that describe local dynamics more conveniently than systems that describe the dynamics globally should not come as a surprise: different regimes induce extra structures which can be used in the dynamical systems formulations. Near initial singularities it is natural to adapt both dependent and independent variables to the Hubble (equivalently, the expansion) variable, as done in Appendix A, due to that the Hubble variable provides a natural Table 2 : Numerical values and relative errors for the Padé approximants at q = 0.
scale in this regime, as discussed in e.g. [25] . On the other hand, the oscillatory regime at late times in the present case depends on the minimum of the potential which is characterized by
and thus m provides the natural scale in the late time regime. These features are reflected in our choice of global variable T = m/(H+ m) and independent variableτ , defined via dτ = (m + H)dt, which interpolate between and asymptotically incorporate the two natural asymptotic scales.
Approximations at late and for all times
To obtain approximations for solutions at late times close to T = 1 (the oscillatory phase), we take the average with respect to θ of the right hand side of (6) (since −θ →τ ∝ t → ∞ while T slowly approaches one), which leads to
It follows that
where C = θ i + 2/3(1 − T i ), where (θ i , T i ) is some initial point for the trajectory (for heuristic work on oscillatory late time behavior for monomial scalar field potentials, see e.g. [26, 27, 28] ). This approximation is valid for all solutions for large T , and in particular for the center manifold attractor solution, see Figure 5 (a). In Figure 5 (b) the above [3/3] θ approximant is matched with this approximation to obtain a global piecewise approximation for the attractor solution.
Improved late time approximations (explicitly including oscillatory behavior), and hence global approximations, can be obtained by using the averaged solution as a starting point for more accurate approximations in the manner illustrated in [29] for the case of perfect fluid dynamics in Bianchi type VII 0 at late times, which, like the present case, provides an example of asymptotic self-similarity breaking at late times (incidentally, this is a feature that shows that the fixed point acts as an attracting focus in the φ andφ description is quite misleading, since the existence of an attracting fixed point might lead one to believe that the behavior at late times is self-similar; the true situation is only revealed by resolving the non-hyperbolicity of the fixed point).
However, improved late time approximations have already been obtained by Rendall.
In [9] Rendall gave rigorous results for late time behavior, which to leading order corroborates the relation given in eq. (21), but Rendall also refined this approximation, with entirely different methods than those just outlined. In particular he proved results that can be translated to the following asymptotic approximation [9] :
where t 0 is a constant and t is proper time (with m normalized to one); note that (21) is obtained in the limit t → ∞. The relations given in eq. (22) describe a parameterized curve in the global state space S, which is plotted in Figure 6 (a); note that the oscillatory approximation becomes increasingly good toward the future, reflecting that it describes the asymptotic evolution at late times. In addition, an approximate oscillatory solution is matched with the [3/3] θ Padé approximant for the attractor solution, creating a piecewise approximate global description of this solution, given in Figure 6 (b).
Note that by obtaining an approximate solution for the entire attractor solution, which subsequently can be used to obtain an approximate solution in e.g. (φ,φ)-space, may make it possible to at least approximately obtaining or estimating a global measure [14] in (φ,φ)-space (or (T, θ)-space for T ∈ (0, 1)) that might shed further light on the meaning of an 'attractor solution.'
Finally, it is worth pointing out that one can also obtain approximations for the remaining solutions that originate from the hyperbolic fixed points M ± by series expansions of these fixed points based on Picard's method, as described in the Bianchi type II perfect fluid case in [30] , see also references therein and [31] . These expansions can be used to obtain approximants in order to improve the rate and range of convergence, and it is thereby possible to approximately describe the entire solution space. A similar statement holds for a wide range of related problems in General Relativity and modified gravity theories; again, we stress that the current minimally coupled scalar field with a quadratic potential just serves as an illustrative example.
Slow-roll and center manifold approximant comparisons
In [10] Liddle et al. introduced hierarchies of potential slow-roll and Hubble slowroll parameters in order to produce analytic slow-roll expansions and approximants. They also argued that the Hubble slow-roll parameters are a better choice than the potential slow-roll parameters. In terms of our state space variables the first two Hubble slow-roll parameters are given by
It follows that the slow-roll limit H = η H = 0 corresponds to the fixed points dS ± and that only imposing 'the attractor condition' η H = 0 close to (without loss of generality) (T, θ) = (0, 0) yields T + 3θ = 0, i.e., the attractor condition leads to the tangent space E c of the center manifold solution in the slow-roll limit. It therefore follows that the slow-roll expansions in [10] boils down to an analytic attempt to describe the center manifold to increasing accuracy (as is going to be seen explicitly below), i.e., the attractor solution, which in turn describes the intermediate (and late) time behavior of an open set of solutions that passes close to the de Sitter fixed point (where measures attempt to describe how 'large' this open set is).
In Appendix B we have extended the analysis done in [10] . We will here describe the results of these slow-roll expansions and Canterbury approximants in the context of the global state space S, and will also assess their range and rate of convergence. In addition we will compare these results with those obtained from center manifold theory. The Hubble expansion in eq. (35) and the Canterbury approximants in eq. (36) in Appendix B give rise to curves in S which yield approximations for the attractor solution. The approximation curves are obtained by performing the transformation (10) (after having set 8πm −2 Pl = 1). The curves and relative errors for various series expansions and approximants are given in Figure 7 together with the numerically calculated attractor solution; in addition we describe numerical values and relative errors at q = 0 in Table 3 Table 3 : Numerical values and relative errors for Hubble slow-roll expansions and Canterbury approximants at q = 0.
As can be seen from Figure 7 , the Hubble expansion series converge for small T (i.e., large H), which is the slow-roll regime, but not for large T (i.e. small H) where the slow-roll regime breaks down, see Figure 7 and Table 3 . It is interesting to note that the 1:st order Hubble expansion approximation, which is just the usual slowroll approximation, is the best one in the set of Hubble approximants for large T at q = 0. This is to be contrasted with the center manifold expansions and the odd Padé approximants which converge even beyond the inflationary stage, far from where the slow-roll conditions break down. It is this larger range of convergence that makes it possible to obtain quite good piecewise global approximations for the attractor solution by matching center manifold based approximants with approximations for the evolution at late times, as shown in the previous section.
In Figure 8 (a) it is shown that the 6:th order center manifold expansion and the [1/1] θ Padé approximant give better approximations than the slow-roll approximation to the attractor solution everywhere, although especially for large |θ| and T . In connection with Figure 8 (b) it is of interest to note that the deceleration parameter q is expressed in terms of H/m as follows for the slow-roll approximation and the [1/1] θ Padé approximant:
In Figure 9 it is shown that the [5/5] θ Padé approximant gives a better approximation to the attractor solution than the [2/2] Canterbury approximant everywhere, especially for large |θ| and T , while the [3/3] θ Padé approximant is better than the [2/2] Canterbury approximant everywhere except for quite small |θ| and T .
It is also possible to use the Hubble expansion and the Canterbury approximants to obtain another type of approximation by using them in the following field equation (obtained by using φ locally as the independent variable and using the present units)
To zeroth order this gives the usual slow-roll approximation, which precisely corresponds to the first order Hubble expansion above (cf. Tables 3 and 4) . As can be seen in Figure 10 these approximations are even better than the Hubble expansions up to 2:nd order and for the [1/1] Canterbury approximant for small T , but in this case there seems to be no convergence since higher order approximations yield increasingly worse results. Furthermore, as in the case of slow-roll Hubble expansion and Canterbury approximants, the center manifold expansions and Padé approximants yield better results for the attractor solution for large T , as seen by comparing Tables 1 and 2 with Table 4 for q = 0. Remarkably, in this set of slowroll approximations the 2:nd order approximation is the best one for large T . In 
Concluding remarks
In this paper we have used the minimally coupled scalar field with a quadratic potential in flat FLRW cosmology as an illustrative example that has served two main Table 4 : Numerical values and relative errors for the variousφ slow-roll expansions and Canterbury approximants at q = 0. It was found that center manifold expansions and associated approximants have a larger range of convergence than the slow-roll approximation and associated slow-roll approximants. Furthermore, it was shown that the [1/1] θ Padé approximant gives a better approximation than the slow-roll approximation to the attractor solution everywhere. The larger range of convergence for center manifold approximants made it possible to produce piecewise global approximations for the attractor solution. Different convergence properties of various approximation schemes might have far reaching consequences, so let us therefore take a closer look at the slow-roll approximation. Expressed in θ and T the slow-roll approximation takes the following form for the quadratic scalar field potential:
Performing a Taylor expansion around T = 0 yields 
A comparison with the center manifold expansion given in eq. (17) shows that it is only the first two terms that coincide. For every other order the errors for the slowroll expansion in (27) are larger than those in (17) , and a similar statement holds for the associated Padé approximants. It is only the exact translations of the slow-roll Hubble expansions and Canterbury approximants that give better results for small T than the lower order center manifold expansions, which in turn corresponds to nonlinear variable transformations between (φ, H) and (θ, T ).
Thus the present paper provides examples of how nonlinear transformations and different approximation schemes significantly affects convergence rates and ranges for flat FLRW cosmology with a minimally coupled scalar field with a quadratic potential. This leads to the following questions: Is it possible to find nonlinear transformations, and other approximation schemes, that yield even more accurate approximations with a larger range of convergence than the slow-roll and center manifold expansions and Padé and Canterbury approximants? To what extent does the conclusions we have obtained for the minimally coupled scalar field with a quadratic potential hold for other scalar field potentials and other gravity theories? 3 These are intriguing issues, and we will return to them in future work.
A Dynamical system for early times and center manifold approximants
Although the system (6) gives an attractive global picture of the solution space, it might not yield the best variables for describing local or quasi-local state space structures. Here we are interested in approximating the attractor solutions at early times. In this case we obtain a simpler system, which yield a simpler center manifold analysis, by introducing the variables
and a new independent variable τ ,
which in an inflationary context can be viewed as the number of e-folds N , i.e., τ = N . This leads to the dynamical system
which can be obtained from (6) by taking the small T limit. In this case we obtain
The center manifold W c has a graph representationT + 3θ = g(T ) near (T , θ) = (0, 0), where, as follows from eq. 
Representing g(T ) by a formal power series and inserting this into (32) yields that θ = when g(T ) is expanded to 10:th order. Figure 12 shows that the center manifold expansion inT converges for small T (T < 1 → T < 1/2), but not for large T .
Expressing (33) in T yields a rational function, which when expanded to 10:th order precisely gives (17) , which converges for larger values than T = 1/2. Next we turn to Padé approximants in order to obtain further improvements in terms of rational functions for the approximation of the attractor solutions. Writing (33) as θ = −
3T
f (T 2 ) and writing f (T 2 ) in terms of its Padé approximants for the various orders yield 
where the notation on the right hand side corresponds to the Padé expression for θ(T ) obtained from the series expansion (33) . Thus using the center manifold expansion associated with dS + for the dynamical system (30) is a computationally convenient way of obtaining the Padé expressions in a compressed form for the center manifold of dS + of the dynamical system (6).
B Slow-roll expansions
In this appendix we reproduce and extend the results of [10] to higher orders as part of our study of the range and rate of convergence of various approximants (the expressions below are used in the main text to obtain the slow-roll approximant results in terms of (T, θ)) via eq. (10) . To facilitate comparison with [10] , we here keep the coupling constant κ = 8πm 
